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It is determined that a many-nucleon version of the Bohr-Mottelson unified model that contains
the essential observables of that model and has irreducible representations that span the Hilbert
space of fully anti-symmetric states of nuclei, is given uniquely by the symplectic model. This
model is shown to provide a framework for an examination of the dynamics of nuclear rotations. A
first discovery is that rotational energies are mixtures of potential and kinetic energies even in an
adiabatic limit.
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Nuclei have shell structures, similar to atoms, and ro-
tational states with properties between those of molecules
and superfluids. Such properties and the numerous bands
of rotational states observed in nuclear spectra [1–4] mo-
tivate attempts to understand the dynamics of nuclear
rotations and to extend shell-model methods for their
description to heavy nuclei, for which the huge dimen-
sions of realistic spherical shell-model spaces currently
pose formidable problems.
A fundamental objective is to determine if the rota-
tional energies of nuclei are purely kinetic or mixtures of
kinetic and potential energies. It is generally assumed
that, like translations, they are kinetic but perturbed
by inertial Coriolis and centrifugal forces. In the Bohr-
Mottelson unified model [5, 6], in its standard adiabatic
limit, the states of a rotational band are assigned a com-
mon intrinsic state and, hence, common potential ener-
gies. A rotating nucleus has also been modelled [7, 8] as
a rotating Riemann ellipsoid [9] with rotational energies
given by the kinetic energies of linear combinations of
rigid-body and irrotational flows. In contrast, two model
calculations [10, 11] showed the kinetic and potential en-
ergy components of rotational energies to be of compara-
ble magnitude. However, because they used schematic in-
teractions in truncated spaces, their results can be ques-
tioned. Recall that, as a result of being restricted to
single spherical harmonic-oscillator shells, SU(3) model
states have zero kinetic-energies and an effective interac-
tion is required to obtain rotational spectra.whereas the
rotations of a rigid rotor are 100% kinetic.
In an extension of the unified model, Nilsson replaced
its intrinsic state with an axially symmetric independent-
particle state [12]. Such an intrinsic state is viewed in
HF (Hartree-Fock) theory as one of a set of states gener-
ated by rotating it through all angles. An orthonormal
basis of rotational states is then obtained by angular-
momentum projection methods [13–18] and rotational
states emerge with mixed kinetic and potential energies.
However, a many-nucleon version of the unified model
based on HF theory is not ideal, most significantly be-
cause its dynamical group of one-body unitary transfor-
mations has a single irrep on the whole Hilbert space of
a nucleus, whereas the unified model has many repre-
sentations. Ideally, what is needed is a dynamical group
that decomposes a nuclear Hilbert space into a sum of
subspaces with the property that all matrix elements of
essential rotor-model observables between the states of
its different subspaces are zero. Essential observables in-
clude the nuclear monopole and quadrupole moments,
the angular-momentum operators, the nuclear kinetic en-
ergy, and SU(2)S spin and SU(2)T isospin observables.
A remarkable fact is that these essential observables
are elements of the already known Lie algebra [19–21].
of the direct product group Sp(3,R)× SU(2)S ×SU(2)T ,
where, for an A-nucleon nucleus, the Sp(3,R) Lie algebra
is spanned by the operators, with 1 ≤ i, j ≤ 3,
Qˆij =
A∑
n=1
xˆnixˆnj , Pˆij =
A∑
n=1
(xˆnipˆnj + pˆnixˆnj), (1)
~Lˆij =
A∑
n=1
(
xˆnipˆnj − xˆnj pˆni
)
, Kˆij =
A∑
n=1
pˆnipˆnj . (2)
As required, a model with these observables has an in-
finite number of irreps each of which contains a complete
set of states of a unified model irrep with the property
that there are no isoscalar E2 transitions or any non-zero
matrix elements of any model observable between states
of its different irreps. Physical states are inevitably mix-
tures of states of different model irreps. But, a many-
nucleon unified model, defined in this way, has the prop-
erty that the probabilities, given by the squared matrix
elements of an element of its Lie algebra between states
of its mixed irreps are the averages of the contributions
from the mixed irreps; they cannot be enhanced above
these averages by any coherent mixing of the irreps.
An Sp(3,R) irrep of an A-nucleon nucleus is spanned
by the positive (or negative) parity eigenstates of a three-
dimensional harmonic-oscillator Hamiltonian
Hˆ(ω) = 1
2
∑A
n=1
∑
3
i=1 ~ωi(c
†
nicni + cnic
†
ni), (3)
where c†ni and cni are harmonic oscillator raising and low-
ering operators for which [cni, c
†
mj ] = δm,nδi,j . Then,
2with corresponding Sp(3.R) operators defined by
Aˆij =
∑A
n=1 c
†
nic
†
nj , Bˆij =
∑A
n=1 cnicnj ,
Cˆij =
∑A
n=1(c
†
nicnj +
1
2
δi,j),
(4)
for 1 ≤ i, j ≤ 3, it follows that a lowest-weight state for
an Sp(3.R) irrep is defined by the equations
Bˆij |σ, ω〉 = 0, 1 ≤ i, j ≤ 3, (5)
Cˆij |σ, ω〉 = 0, 1 ≤ i < j ≤ 3, (6)
Cˆii|σ, ω〉 = σi|σ〉, 1 ≤ i ≤ 3. (7)
It is now observed that the unified model is obtained
as a mean-field approximation to an Sp(3,R) irrep in
which the values of {ωi} are chosen such that the energy
〈σ, ω|Hˆ |σ, ω〉, is minimised for a rotationally invariant
many-nucleon Hamiltonian Hˆ . The subset of Cˆij oper-
ators that are angular-momentum operators and do not
annihilate the lowest-weight state then act on it to gen-
erate a set of rotated states as in standard HF theory
and the SU(3) model. The Aˆij raising operators likewise
act to generate purely vibrational excitations. Thus, by
choosing a minimum energy lowest-weight, the first or-
der coupling between the rotational states and their vi-
brations, including that of the Coriolis and centrifugal
forces, is eliminated as assumed in the unified model.
But, of course, it is restored in the full symplectic model.
Recall that in mean-field theory, the minimum-energy
lowest-weight state satisfies a self-consistency relation-
ship in which the density of the lowest-energy state has
essentially the same shape as that of the mean field of
the single-particle Hamiltonian of which it is an eigen-
state. This relationship was expressed by Bohr, Mottel-
son [6, 22] in a harmonic-oscillator approximation to the
mean field by the equiation
σ1ω1 = σ2ω2 = σ3ω3, (8)
in an interpretation of the Inglis cranking model [25].
The remarkable result is that, with its restriction to an
Sp(3,R) irrep, the mean field is identically that of a har-
monic oscillator and equation (8) becomes precise.
The strength of the interaction component of Hˆ should
also be such that the volume of the shape-consistent state
is that expected for near-incompressible nuclear matter.
Thus, the minimum-energy lowest-weight state is essen-
tially the same for any acceptable choice of the nuclear
Hamiltonian.
To illustrate the possibilities, the precise kinetic en-
ergy contributions to the rotational energies of a symplec-
tic model have been calculated for an axially symmetric
Sp(3,R)×SU(2)S×SU(2)T irrep of spin S = 0 and min-
imum isospin. This irrep was previously used [11] to fit
the lower-energy rotational states of 166Er and, in par-
ticular, the E2 transitions between them were calculated
without the use of an effective charge. The chosen irrep
is undoubtedly not the most appropriate [26]. However,
the results obtained are characteristic of those of an ax-
ially symmetric irrep that fits the observed quadrupole
moments and E2 transition rates. The results shown in
figure 1 were derived by use of explicit algebraic expres-
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FIG. 1: Excitation energy levels, Eexpt, of the ground-
state rotational band of 166Er for angular-momentum val-
ues 0 ≤ L ≤ 14 and corresponding energies Eirr and Erig
for irrotational and rigid-body moaments of inertia for the
Sp(3,R) irrep 〈327 1
2
, 249 1
2
, 249 1
2
〉. The kinetic energies, EKE,
are for states angular-momentum projected from the shape-
consistent lowest-weight state for this irrep. The Eho energies
are those which, in addition to the kinetic energies include
the harmonic-oscillator potential energies of the angular-
momentum-projected states.
sions for the angular-momentum states projected from an
axially symmetric harmonic-oscillator ground state [27].
Because the many-nucleon kinetic-energy operator is an
element of the Sp(3,R) Lie algebra, it was then possible
to calculate the kinetic energies of each of the projected
angular-momentum states algebraically. A remarkable
result is that the kinetic energies derived are proportional
to L(L+1) to a high level of accuracy.in spite of the fact
that the kinetic energy component accounted for only
∼ 35% of the observed rotational energies. This is con-
sistent with the results obtained by Bahri [11] but is now
obtained without use of a truncated space or a schematic
interaction.
The above results, call for further and more detailed
investigation which are now much simplified by the use
of a mean-field basis for an Sp(3,R) irrep. Desirable cal-
culations would be to compare the results of full many-
nucleon calculations in spaces of single symplectic-model
irreps with those of corresponding mean field approxi-
mations with the same Hamiltonian. Initial calculations
might be for the axially symmetric rotational states based
on the Hoyle state of 12C, the first excited state of 16O
or the ground state of 20Ne with realistic interactions.
Extensions to the more general triaxial irreps and ir-
reps with spin-orbit interactions will be more challenging.
Hopefully, with the major advances, in which it has be-
come possible to identify the states of an Sp(3,R) irrep
3in SA-NCSM (symmetry-adapted no-core shell model)
calculations [28], such calculations, and others for triax-
ial irreps will soon be feasible. A very satisfying many-
nucleon theory of deformed nuclei will then have been
achieved.
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